We systematically construct ghost-free higher-derivative actions of Abelian vector supermultiplets in four-dimensional N = 1 global supersymmetric theories. After giving a simple example which illustrates that a naive introduction of a higher-derivative term gives rise to a ghost, we discuss possible building blocks for a ghost-free action and explicitly show that their bosonic parts have no ghost mode and the auxiliary field D does not propagate. Higher-derivative terms yield higher powers of the auxiliary field D in the actions, and the D-term equations of motion consequently admit multiple solutions in general. We confirm that the well-known supersymmetric Dirac-Born-Infeld action falls into this class. We further give another example in which the standard quadratic kinetic term (Maxwell term) is corrected by a quartic term of the field strength. We also discuss possible couplings to matter fields and a deformed D-term potential.
Introduction
Higher-derivative terms beyond renormalizable ones inevitably appear in effective theories of fundamental UV theories, such as unified theories with gravity, which would describe our universe. Once we consider such a nonrenormalizable theory, higher-derivative interactions appear which are absent in a renormalizable system. For example, the effective field theory of superstring theory contains such derivative interactions as well as non-derivative ones. However, we may need to be careful of higher-derivative interactions. As is well known, derivative interactions beyond second order can lead to a problem called the Ostrogradsky instability [1, 2] , which causes a Hamiltonian unbounded from below. However, even when an interaction term contains more than two derivatives, some specific classes of such interactions do not exhibit the instability. One sufficient condition is that the equations of motion (E.O.M) in the system are at most second order differential equations. In a scalar-tensor system, the Horndeski class action is one example of a ghost-free higher-derivative system [3, 4] . Recently, the higher-derivative action of a Proca field is also drawing attention in the context of cosmology [5] [6] [7] . Although the instability itself is not a real problem if there is a ghost-free UV completion, the investigation of ghost-free higher-derivative interactions would be an interesting problem in its own right.
Supersymmetry (SUSY) was proposed to solve the hierarchy problem of the standard model and is one of important tools to investigate physics beyond the standard model. The effective theories of UV complete SUSY theories such as superstring theory naturally contain higher-derivative terms as corrections to the leading two-derivative terms. However, higher-derivative terms in SUSY field theories often encounters the so-called auxiliary field problem [8] [9] [10] [11] [12] : the action contains spacetime derivatives of the SUSY auxiliary fields (F and D for chiral and vector multiplets, respectively), so that one cannot eliminate them by their E.O.M. It was recognized [8] [9] [10] [11] [12] that this problem may occur in several higher-derivative chiral models such as a Wess-Zumino term [13, 14] , and Skyrme [15] and Faddeev-Skyrme [16] models. In most cases, the derivatives on the auxiliary fields and the higher-derivative ghosts come up together [17] . 1 Finally, a systematic classification of higher-derivative terms which are free from ghosts as well as the auxiliary field problem was given in Refs. [19] [20] [21] [22] . Such terms were used in several SUSY higher-derivative chiral models; low-energy effective theory [23] [24] [25] [26] , coupling to supergravity (SUGRA) [21, 27] and its applications [20] to Galileons [28] and ghost condensation [22] , a Dirac-Born-Infeld (DBI) inflation [29] , flattening of the inflaton potential [30, 31] , topological solitons such as a BPS baby Skyrme model [32] [33] [34] [35] [36] [37] , a Skyrme model [38] [39] [40] , BPS solitons [34, 35, 41] and their effective action [42] , nonlinear realizations [43] , and a possibility of modulated vacua [44, 45] . In addition, different ghost-free higher-derivative actions of a chiral superfield are possible in the global [46] and SUGRA [47] cases as well as a non-local theory [48] .
On the other hand, there have been no such systematic studies for vector multiplets so far. There are only few examples of ghost-free actions of a vector multiplet. One is the DBI action in 4D N = 1 SUSY [49] [50] [51] . Since it is totally written in terms of the field strength F mn = ∂ m A n − ∂ n A m without any additional derivative operators, its E.O.M is of a second order, and no additional (ghost) mode appears. The coupling to SUGRA has also been discussed in Refs. [49, [52] [53] [54] . The SUSY Euler-Heisenberg action is one of ghost-free extensions of the Maxwell system [27, [55] [56] [57] . The others are a higher derivative extension of a scalar potential in SUGRA [55] , and a SUSY extension of non-linear self-dual actions for vector gauge fields [52, 53, [58] [59] [60] .
In this paper, we systematically study ghost-free higher-derivative actions of vector multiplets in 4D N = 1 SUSY theories. The known example of the DBI action gives us useful insights to find possible ghost-free interactions. To construct the most general ghost-free SUSY higher-derivative actions, the nontrivial question is the conditions for the absence of the higher-derivative ghosts. We will follow the following simple argument as a guiding principle: if the bosonic part of the action is ghost-free, the total system would be ghost-free as well. This argument would be justified unless some fermions in the system condensate and acquire vacuum expectation values. 2 Another nontrivial point is the auxiliary field problem. Typically, auxiliary fields become dynamical due to higher-1 If one can eliminate a ghost with a gauging by introducing an auxiliary vector superfield, one can construct a model with a propagating "auxiliary" field without a ghost [18] , which we may call a ghostbuster mechanism.
2 This discussion is applied for bosonic ghosts and does not exclude a possibility of fermionic ghosts.
For instance, a fermionic ghost exists when the vacuum energy becomes negative [44, 45] . For a general discussion for fermionic ghosts, see Refs. [61, 62] .
derivative interactions, as mentioned above. In most known cases, the dynamical auxiliary field leads to a ghost (super)field. We will show that the ghost-free higher-derivative action does not have any propagating auxiliary field but has higher powers of the auxiliary field, yielding corrections to the D-term potential. We will show an example of such a corrected D-term potential, which has nontrivial vacua due to the corrections. We also give a matter coupling to higher-derivative vector multiplets. This paper is organized as follows. In Sec. 2, we show a nontrivial example which has a higher-derivative ghost for comparison. Then we move to the construction of ghost-free models in Sec. 3. First, we discuss possible building blocks for ghost-free higher-derivative actions in Sec. 3.1. With such ingredients, we find the general SUSY action whose bosonic part is free from ghosts. We also show the corresponding on-shell action. In Sec. 3.2, we show some concrete examples of ghost-free models, their bosonic actions, and the vacua realized by corrected D-term potentials. We first show that the well-known SUSY DBI action is obtained as a particular example of our construction. We next propose a simple example. In the example, there are two kinds of solutions of the E.O.M for the auxiliary D-term, which give so-called canonical and non-canonical branches. On the one hand, in the canonical branch, the bosonic action consists of the standard quadratic kinetic term of the field strength (Maxwell term) and a higher-derivative term of fourth order. On the other hand, in the non-canonical branch, the action contains only a quartic higher-derivative term of the field strength without the Maxwell term [27, 56] . In addition, we mention possible couplings to matter fields in Sec. 4. We conclude in Sec. 5 with a brief discussion. In Appendix A, the convention of a vector superfield is summarized. Throughout this paper, we will use the convention of Wess and Bagger [63] .
A higher-derivative action for a vector multiplet with a ghost
Before going to ghost-free models, we show a nontrivial example of a higher-derivative action of a vector multiplet V with a ghost mode for comparison. The convention of the vector multiplet is summarized in Appendix A.
We consider the following system,
Here,
2 D α V is a gauge invariant chiral superfield, and f is a real function such that its first derivative f ′ is a non-constant function. 3 To show the existence of a ghost, we rewrite the action as follows,
is a real linear superfield and hence we can rewrite the action as
where L and U are a real linear and a real superfield, respectively. Note that the real superfield U is an additional vector superfield, and this action is invariant under the following gauge transformation for U ,
where Σ ′ is a chiral superfield. The variation of U gives the constraint L = D α W α , which reproduces the original action. If we instead perform a super-partial integral, we obtain
where we have used
with
2 D α U . By diagonalizing the kinetic terms of W α and W α in Eq. (2.4), we find that one combination of the vector superfields has a kinetic term with a wrong sign implying the existence of a ghost vector superfield. Note that our action in Eq. (2.1) is a generalization of an action with a ghost given in Ref. [57] .
We may trade the linear superfield for a chiral superfield, which makes the situation clearer. The part of the action containing the linear superfield can be rewritten as
whereL is a general superfield and Φ is a chiral superfield. The variation of Φ gives the constraint for a linear superfieldD 2L = 0, which reproducesL = L, whereas the variation ofL gives f ′ (L) + (Φ +Φ + U ) = 0. As long as this equation can be solved (implicitly) as L =L(Φ +Φ + U ), the action can be rewritten as
where
Note that Φ is a Stückelberg superfield which transforms as Φ → Φ + Σ ′ under the gauge transformation of U in Eq. (2.3).
Thus we have shown that the higher-derivative interaction in Eq. (2.1) leads to a ghost vector superfield. Note that if f ′ is a constant, the equation f ′ (L) + (Φ +Φ + U ) = 0 can be solved with respect to U , which then becomes a composite superfield. Consequently, no ghost fields arise.
Ghost-free higher-derivative actions for vector multiplet
In this section, we discuss possible ghost-free higher-derivative actions of a vector multiplet. Since a massive vector superfield belongs to a reducible representation, we focus only on a massless gauge superfield. First, we consider building blocks for a higher-derivative action. To preserve the gauge symmetry, we need to use the gauge invariant superfield
2 D α V , which we call the "gaugino superfield". According to the Ostrogradsky's method, ghost modes appear if the equation of motion is higher than second-order differential equations. Since the θ-component of W α contains the field strength F mn , the spacetime derivatives of W α in the superfield action would lead to higher-derivative terms in the E.O.M, and consequently give rise to ghost modes. For example, a simple interaction with spacetime derivatives d 2 θ ∂ m W α ∂ m W α leads to a fourth-order differential equation for the gauge field A m .
The building blocks of ghost-free higher-derivative terms
In this subsection, we write down possible building blocks of higher-derivative actions. As we mentioned in Sec. 1, we only focus on purely bosonic parts of higher-derivative actions and require them to be ghost-free. We propose the following three simple conditions to realize ghost-free bosonic terms:
• To obtain a manifestly gauge invariant action, we require that the integrand of the superfield action is written in terms of the gaugino superfield W α rather than the vector superfield V . Consequently, the bosonic part of the action is written totally in terms of the field strength, which is manifestly gauge invariant.
• The Lagrangian has no spacetime derivatives of the field strengths such as ∂ m F np , which may lead to ghosts. 4 • SUSY invariants which we focus on should have at least one purely bosonic term.
Only such terms are relevant for the presence/ absence of ghosts.
Taking into account these criteria, we find the following most general form of the higher-derivative Lagrangians:
where (anti-)chiral superfield H(H) and real superfield D are defined by
Here F and G are arbitrary functions of arguments, which are holomorphic and real scalar superfields, respectively. In the following, we explain how the Lagrangian in Eq. (3.1) can be obtained from the above three conditions. Firstly, we focus on the "irreducible" components of the gaugino superfield, which is not made of other (lower) components of a supermultiplet. In the gaugino superfield, there is only one purely bosonic irreducible component 5 
Furthermore, the Lorentz invariance requires the Lagrangian L b to be composed of Lorentz invariant combinations of D α W β | andDαWβ|. We can show that the following three Lorentz invariant combinations are independent building blocks of the Lagrangian
This follows from the irreducible decomposition of 6) and the relation
Here, the parenthesis for spinors means the symmetrization:
. Similar equations hold forDαWβ. Thus we can express Lorentz invariants given by contractions of the spinors of D α W β andDαWβ in terms of (3.5). 6 Note that
and the last term has only fermionic terms, which are irrelevant to our discussion. Therefore, the Lagrangian should take the form
9)
5 Note that Fmn is not an irreducible component in the vector superfield V . However, we can regard
Fmn as an irreducible component in the gaugino superfield Wα. 6 Note that there are ambiguities of choosing the independent quantities. For example, we can choose
However, the number of the independent quantities does not change.
andF mn = 1 2 ǫ mnpq F pq . The form (3.9) simply implies that the Lagrangian should be a function of (F mn F mn , F mnF mn , D).
In order to embed the bosonic expression (3.9) to a SUSY system, one needs to describe it as a superspace integration of superfields. Since d 2 θ and d 4 θ integrations are equivalent to acting two and four spinor derivatives on superfields, the super-integrands have to be respectively proportional to W α W β for d 2 θ integrals and W α W βWαWβ for d 4 θ integrals so that the resulting component action takes the form L (H,H, D) . From these observations, we obtain the most general Lagrangian satisfying all the conditions: 7
where F and G are arbitrary holomorphic and real scalar functions, respectively. We note that D ∝ D α W α dependence causes no ghost mode in contrast to the previous section since G W 2W 2 is not invertible with respect to D α W α . Then, repeating the procedure discussed in the previous section, we find out that the vector superfield U satisfying G ′ W 2W 2 + Φ +Φ + U = 0 is always a composite superfield. Therefore, the function G is allowed to be a function of D.
Among H,H, and D, only H is a chiral superfield, and hence the chiral superfield F needs to be a holomorphic function of H. As long as F is a smooth function around H = 0, it can always be written as
where τ is a constant and h(H) is a holomorphic function. The second term can be absorbed into G due to the identity
Therefore we can set F = τ = const. Consequently, the bosonic part of Lagrangian takes the form
14)
The first term gives the standard quadratic terms (Maxwell, theta and D-terms), while the second term is the higher-derivative correction, which is required to be proportional to |J| 2 due to SUSY. Finally, we note that there is no derivative acting on the auxiliary field D in our general action, and hence the solution of its E.O.M can be expressed as a local function of physical fields, i.e. F mn without derivatives on it. 9 Therefore, if we assign an appropriate sign for the quadratic term, the on-shell action is always ghost-free as we expected.
Examples of ghost-free higher-derivative action for vector multiplet
In the previous subsection, we have derived the general SUSY action, which has a ghost-free purely bosonic part. In this section, we consider some specific examples. We can construct various models by choosing F and G in our general action (3.1).
First, let us choose F = 1/4g 2 and
Here, g is a coupling constant. Note that the reality of G is satisfied because
, to the bosonic part, G only gives higher-order terms of auxiliary fields, i.e.
Second, for G = G(H,H), the corresponding action is given by
In this case, the bosonic action is
Contrary to the previous example, this action contains higher order terms of the field strength F mn . This difference would be useful for model buildings. Obviously, these action leads to a second order E.O.M for the vector field. Furthermore, there is no derivative interaction of the auxiliary field D as we mentioned. Hence, the system does not have any additional degrees of freedom. Since the number of bosonic degrees of freedom does not change, that of fermions also remains the same due to SUSY.
The DBI action is a well-known example of a ghost-free higher-derivative action. It is realized with the following set of choices [49, 50] ,
In the presence of matter fields, D can also depend on matter fields without derivatives.
The corresponding bosonic Lagrangian is given by
We find that D = 0 is the unique solution of E.O.M for D. Thus we obtain the on-shell action
Next, let us consider the following simplest example [27, [55] [56] [57] :
Here, Λ is a real parameter of mass dimension four. This action is realized by choosing F as
The bosonic part of the action S b can be calculated as
(3.24) The E.O.M for the auxiliary field D reads:
Thus, we have the following three solutions for the auxiliary field:
The on-shell action in the corresponding branches can be written as follows.
• The canonical branch (the case of D = 0):
This action contains the higher-derivative terms (F mn F mn ) 2 and (F mnF mn ) 2 as well as the standard quadratic term F mn F mn . In this case, the higher-order terms vanish in the limit |Λ| → ∞.
• The non-canonical branch (the case of D = ± (F mn F mn + Λ/g 2 )/2 ):
An interesting property of this action is the absence of the quadratic kinetic term. Therefore, we call this branch the non-canonical one. Since D is real, F mn F mn +Λ/g 2 should be non-negative. Therefore the solution of non-canonical branch is consistent only when
This inequality shows that F mn = 0 can be a consistent solution of the E.O.M only when the parameter Λ is positive. 10 Note that this branch becomes ill-defined in the limit |Λ| → ∞.
As shown above, there exist multiple branches due to the higher-order terms of the auxiliary field D. The presence of the multiple branches has been known in the case of chiral multiplets Φ with the action ∼ d 4 θ |D α ΦD α Φ| 2 , where the SUSY higher-derivative term involves a quartic interaction of the F-term [32] [33] [34] [35] . Similarly to the present case, the F-term has three solutions, and they lead to a canonical branch with the standard kinetic term and non-canonical branches without a second-order derivative term.
A coupling to matter fields
So far, we have discussed higher-derivative actions composed purely of vector superfields. To discuss more general and phenomenological models, we consider the following higherderivative system coupled to the matter chiral superfields Φ 1 and Φ 2 :
where ξ is a real parameter called the Feyet-Iliopoulos (FI) parameter. The bosonic part of the Lagrangian is given by
where A i = Φ i | (i = 1, 2) are complex scalar fields, and F i = − 1 4 D 2 Φ i are auxiliary fields for the chiral superfields, and D m is a gauge covariant vector derivative. Here, We find that there are no derivatives acting on the auxiliary field D as well as the auxiliary fields F i for the chiral superfields Φ i . Therefore, the solutions to the E.O.M for D and F i are functions of A i , A * i and F mn without spacetime derivatives acting on them. Thus, there are no ghost modes even when the vector superfield is coupled to matter fields.
Summary and discussion
We have investigated ghost-free higher-derivative actions of a vector multiplet in 4D N = 1 SUSY models. As we have shown in Sec. 2, a naive higher-derivative extension leads to a ghost mode, even though it preserves the gauge symmetry. We have taken rather general conditions that lead to the ghost-free bosonic action: the bosonic part of the Lagrangian must be a function of F mn and D without derivatives acting on them. In addition, it should be expressed by SUSY invariants. These simple requirements lead to the general action given in Eq. (3.1), which is characterized by a holomorphic function F = F(D 2W 2 ) and a real function G of D α W α ,D 2W 2 and D 2 W 2 . We have also shown some examples with specific F and G. As we mentioned, the SUSY DBI action is one of particular known examples in our framework. In general, higher-derivative terms yield higher powers of the auxiliary field D, and consequently the E.O.M for D admits multiple solutions. In the other example in Eq. (3.22) , the E.O.M for D gives two types of solutions: the canonical branch, in which the bosonic action consists of the standard quadratic kinetic term of the field strength (the Maxwell term) and a fourth order higher-derivative term, and the noncanonical branch, which is composed only of a fourth order higher-derivative term without the standard kinetic term. We have also shown that the matter coupled case discussed in Sec. 4 still satisfies our criteria for the absence of ghosts. The resultant action would have a deformed D-term potential, which has potentially interesting applications to model buildings.
There are many possible applications of our results. Since it is straightforward to extend the action (3.1) to SUGRA, we can consider the inflationary model buildings. Indeed, the DBI extension of a matter-coupled vector superfield action leads to a scalar potential flattened by higher-order terms [64] . It would be interesting to consider the SUSY breaking due to the higher-dimensional operators [56, 65, 66] . It may also be possible to apply our framework to construct effective 4D models of superstring, where the higher-order D-term plays an important role, since the higher-order F-term contribution has been applied to effective string models of moduli stabilization [67] as well as inflation [68] .
Since a non-canonical branch of the E.O.M for the auxiliary field in higher-derivative chiral models gives rise to BPS equations for BPS baby Skyrmions [32] [33] [34] [35] , the non-canonical branch of our vector superfield in Eq. (3.28) may give a new kind of BPS topological solitons or instantons. It is also interesting to look for new BPS solitons in the matter coupled system discussed in Sec. 4.
The generalization to a non-Abelian case is straightforward but interesting for various applications, e.g., in inflation [69] [70] [71] . In such a case, the higher-order action should be further restricted by the non-Abelian symmetry. In addition, our systematic analysis would be applicable to the construction of a ghost-free action of a linear superfield, which was studied in a few cases [51, 72, 73] . As a generalization, we can also consider the combination of the ghost-free higher-derivative actions of matter fields and higher curvature in SUGRA. It would also be interesting to see whether compositions of ghost-free models remain ghostfree or not. We will address these issues elsewhere. Finally, in certain chiral models, a ghost chiral superfield can be gauged out by introducing an auxiliary vector superfield without a kinetic term [18] . It is an open question whether the ghost in a vector superfield discussed in Sec. 2 can be eliminated by introducing an auxiliary two-form tensor gauge field allowing a gauge transformation of a two-form tensor.
which is invariant under the U (1) gauge transformation. The component fields in the gaugino superfield can be expressed as 
